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1 h0; (ii) show that the decay

rate Γ(h+
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over Γ(h+
1 → τ+νi).

Keywords: Beyond Standard Model, Neutrino Physics, Higgs Physics.

c© SISSA 2006 http://jhep.sissa.it/archive/papers/jhep082006036/jhep082006036.pdf

mailto:daristi@ific.uv.es
mailto:restrepo@uv.es
http://jhep.sissa.it/stdsearch


J
H
E
P
0
8
(
2
0
0
6
)
0
3
6

Contents

1. Introduction 1

2. The model 2

2.1 Generalities 2

2.2 Higgs potential and scalar mass spectrum 3

3. Charged scalar phenomenology 5

3.1 Cross section 5

3.2 Decay Widths 6

4. Constraints from FCNC processes 8

5. Neutrino physics 9

5.1 Neutrino mass matrix in the GZM 9

5.2 Neutrino Mass Matrix in the NMZM 9

5.3 The one-parameter region 11

5.3.1 The large O33 case 11

5.3.2 The small O33 case 12

6. Neutrino and collider physics 14

6.1 Determination of the neutrino mass matrix parameters 14

6.2 Hierarchy of charged Higgs leptonic decays 17

7. Conclusions 20

A. The Three-parameter solution 21

1. Introduction

Neutrino oscillation experiments, including the results of KamLAND [1] have confirmed

the LMA-MSW oscillation solution of the solar neutrino problem. Together with the earlier

discoveries in atmospheric neutrinos [2], one can be fairly confident that all neutrino flavours

mix and that at least two non-zero neutrino masses exist.

In the standard model neutrinos are massless. Among all the existing models to gener-

ate small neutrino Majorana masses the seesaw mechanism [3] is perhaps the most popular.

However, this is not the only theoretical approach to neutrino masses. Other possibilities

include Higgs triplets [4], supersymmetric models with broken R-parity [5, 6], some hy-

brid mechanisms that combine the triplet and the R-parity ideas [7] and radiative mecha-

nisms [8, 9].
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Here we consider a particular radiative mechanism, the Zee model [8]. In this model

the scalar sector of the standard model is enlarged to include a charged SU(2) gauge singlet

scalar and a second Higgs doublet. This particle content allows to write an explicit lepton

number (L) violating term in the scalar potential and leads to neutrino masses at one loop

order. In the Minimal Zee Model (MZM), only one Higgs doublet couples to leptons [10].

As a result, dangerous Flavour Changing Neutral Current (FCNC) processes are forbidden.

It has been shown [11] that combining SNO, KamLAND and K2K experimental data this

version is ruled out.

However, this does not mean that the Zee model is ruled out. The original version, from

now on called the General Zee Model (GZM) [12], in which both of the two Higgs doublets

couple to the matter fields has been shown [11 – 13] to be consistent with atmospheric and

solar neutrino data as well [14].

Once one allows both of the Higgs doublets to couple to leptons the number of model

parameters increases. Here instead of working with all the couplings of the model we

will consider a scheme, previously discussed in references [12, 13], where the neutrino mass

matrix has a two-zero-texture. This particular GZM will be called Next to MZM (NMZM).

In the Higgs sector, after spontaneous breaking of the electroweak symmetry, the

charged gauge singlet mixes with the charged components of the two Higgs doublets. The

resulting charged Higgs eigenstates (h±
i with i = 1, 2) decay to states with charged leptons

and neutrinos. These decays can be used, in principle, to reconstruct the Majorana neutrino

mass matrix.

We will show that due to the constraints imposed by neutrino physics, the Br(h+
1 →∑

i νiµ
+) is enhanced in comparision to the two-Higgs doublet models (2HDM) of type-I

and type-II 1. Moreover, we will show that in large parts of the parameter space Br(h+
1 →∑

i νiµ
+) & Br(h+

1 → ∑
i νiτ

+). For details see section 6.

The rest of this paper is organized as follows. In section 2 we give the generalities

of the GZM and work out the Higgs mass spectrum of the model. In section 3 we study

charged Higgs production at a future e+e− collider. In section 4 we discuss the bounds

on the parameters of the model coming from FCNC processes constraints. In section 5

we describe the Majorana neutrino mass matrix within the GZM and in the NMZM. In

section 6 we discuss the connection between neutrino physics and charged Higgs decays.

In section 7 we present our conclusions and summarize our results.

2. The model

2.1 Generalities

If no new fermions are added to the standard model neutrino masses must be always of

Majorana type, i.e. the mass term must violate L. In the Zee model an L = 2 charged

scalar, h+, is introduced. Since this field carries electric charge its vacumm expectation

value (vev) must vanish. Therefore in this model L cannot be spontaneously broken.

1In type-I only one of the Higgs fields couples to the SM fermions, in type-II one Higgs field couples

to up-type quarks and the other Higgs field couples to down-type quarks. There is another version called

type-III [15] where both Higgs fields couple to all SM fermions.
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However, h+ can be used to drive the lepton number breaking from the leptonic sector to

the scalar sector. In order to accomplish this a new SU(2)L doublet has to be added, as a

result an explicit L violation term can be written. This term is given by

µεαβΦα
1 Φβ

2h− + H.c. (2.1)

where µ is a coupling with dimension of mass and Φ1 and Φ2 are doublets with hypercharge

Y1 = Y2 = 1.

The most general Yukawa couplings of the model can be written as

−LY = L̄i(Πa)ijΦaeRj + εαβL̄α
i fij C(L̄T )βj h− + H.c. , (2.2)

where Li are lepton doublets, eRj are lepton singlets, C is the charge conjugation operator,

Πa (a = 1, 2) and f are 3 × 3 matrices in flavour space, εαβ (α, β = 1, 2) is the SU(2)L
antisymmetric tensor and i, j = 1, 2, 3 are family indices. f is an antisymmetric matrix

due to Fermi statistics.

In general both of the two Higgs doublets can acquire vev’s, 〈Φa〉 = va, with v =√
v2
1 + v2

2 ' 246 GeV. As usual, the ratio of these vev’s can be parametrized as tan β =

v2/v1.

2.2 Higgs potential and scalar mass spectrum

Though in this work we are interested mainly in the charged Higgs sector of the model and

its relation with neutrino physics, we will briefly discuss the full scalar mass spectrum.

Assuming that the Higgs Potential is CP-conserving, in the most general 2HDM SO(2)

transformations between the two Higgs fields
(

H1

H2

)
=

(
cos β sinβ

− sinβ cos β

)(
Φ1

Φ2

)
, (2.3)

and between the two Yukawa matrices in eq. (2.2)
(

Π′
1

Π′
2

)
=

(
cos β sinβ

− sinβ cos β

)(
Π1

Π2

)
, (2.4)

do not change the functional form of the Lagrangian. In particular, there is no distinction

between the two complex hypercharge-one SO(2) doublet scalar fields, Φa. Thus, any two

orthonormal linear combinations of these two fields can serve as a basis for the Lagrangian.

Since the definition of tan β assumes that one can distinguish between the two identical

hypercharge-one Higgs doublet fields, clearly, tan β is a basis-dependent quantity, and hence

is not a physical parameter [16, 17]. This parameter disappears completely if one transforms

to the Higgs basis in which only one of the two Higgs doublets acquire a vev. This suggest

that the Higgs basis is special. In fact, the Lagrangian parameters with respect to the

Higgs basis are related to physical parameters which can be written in terms of quantities

that are invariant under arbitrary basis transformations in the space of fields. In this way,

in the Higgs basis one can readily identify the relevant invariant quantities involved in the

determination of the physical masses. In eq. (2.4), Π′
1 and Π′

2 are invariant quantities [16].

They coincide with the Lagrangian parameters in the Higgs basis.

– 3 –
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In the Higgs basis the most general gauge invariant scalar potential of the model,

consistent with renormalizability reads

V = µ2
1H

†
1H1 + µ2

2H
†
2H2 − [µ2

3H
†
1H2 + H.c.] +

1

2
λ1(H

†
1H1)

2

+
1

2
λ2(H

†
2H2)

2 + λ3(H
†
1H1)(H

†
2H2) + λ4(H

†
1H2)(H

†
2H1)

+

{
1

2
λ5(H

†
1H2)

2 + [λ6(H
†
1H1) + λ7(H

†
2H2)]H

†
1H2 + H.c.

}

+µ2
h|h+|2 + λh|h+|4 + λ8|h+|2H†

1H1 + λ9|h+|2H†
2H2

+λ10|h+|2(H†
1H2 + H.c.) + µεαβHα

1 Hβ
2 h−. (2.5)

Since we will not deal with CP-violating effects we only consider real coefficients. The

SO(2)-invariants of the Higgs potential coincide with the Higgs potential parameters in the

Higgs basis [16]

Minimization of the scalar potential, eq. (2.5), leads to the conditions [16]

µ2
1 = −1

2
λ1v

2

µ2
3 =

1

2
λ6v

2. (2.6)

These conditions can be used to eliminate µ2
1 and µ2

3 as independent variables from V .

Of the original ten scalar degrees of freedom, three Goldstone bosons (G± and G0)

are absorbed by the W± and Z0. The remaining seven physical Higgs particles are: two

CP-even (h0 and H0 with mh0 ≤ mH0), one CP-odd (A0) and two charged Higgs pairs (h±
1

and h±
2 ).

In the basis Φ† = (G−,H−, h−) the squared-mass matrix for the charged Higgs states

is given by

M2
C =




0 0 0

0 M2
H± −µv/

√
2

0 −µv/
√

2 M2
33


 , (2.7)

where

M2
H± = µ2

2 +
1

2
v2λ3

M2
33 = µ2

h +
1

2
v2λ8. (2.8)

The matrix element M2
H± corresponds to the squared-mass of the charged scalars (H±)

that in the absence of the SU(2)L singlets h± would be physical Higgs particles.

The squared-mass matrix M2
C can be diagonalized by the rotation matrix

R =




1 0 0

0 cos ϕ sin ϕ

0 − sinϕ cos ϕ


 . (2.9)

where the angle ϕ characterize the size of the H± − h± mixing.
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The mass eigenstate basis in the charged Higgs sector is defined as H† = (G−, h−
1 , h−

2 )

and the rotation angle is given by

sin 2ϕ =

√
2vµ

M2
2 − M2

1

. (2.10)

Here M1 and M2 stand for the masses of the scalars h±
1 and h±

2 which are given by

M2
1,2 =

1

2

(
M2

H± + M2
33 ∓

√
(M2

H± −M2
33)

2 + 2µ2v2

)
. (2.11)

In the Higgs basis the squared-masses for the CP-odd and CP-even Higgs states are

given by [16]

M2
A0 = M2

H± − 1

2
v2(λ5 − λ4)

M2
H0,h0 =

1

2

[
M2

A0 + v2(λ1 + λ5) ±
√

[M2
A0 + v2(λ5 − λ1)]2 + 4v4λ2

6

]
(2.12)

3. Charged scalar phenomenology

3.1 Cross section

In the following we discuss charged scalar h±
k (k = 1, 2) production at a future e+e−

collider. h±
k are produced in e+e− annihilation via s-channel exchange of a γ or Z0 2. The

total cross section for the process e+e− → h+
k h−

k will be the sum of three terms

σtotal = σγ + σZ + σγZ (3.1)

corresponding to the pure photon, pure Z and photon–Z interference contributions respec-

tively. Thus

σγ =
1

48π
β3(g sw)4

1

s
(3.2)

σZ =
1

3072π
β3 g4

c4
w

(W 2
1k − 2s2

w)2[(−1 + 4s2
w)2 + 1]

s

(s − M2
Z)2 + M2

ZΓ2
Z

(3.3)

σZγ = − 1

192π
β3 g4s2

w

c2
w

(W 2
1k − 2s2

w)(−1 + 4s2
w)

s − M2
Z

(s − M2
Z)2 + M2

ZΓ2
Z

. (3.4)

where sw = sin θw, cw = cos θw,

β =

√

1 − 4
M2

k

s
(3.5)

and W11 = W22 = cos ϕ and W12 = −W21 = sinϕ.

2There is also a t-channel Yukawa production through neutrino exchange but due to the smallness of

this contribution to the total production cross section we do not consider it here.
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Figure 1: Production cross section for charged scalars h±

k at an 1TeV e+e− collider with unpo-

larized beams.

From eqs. (2.8), (2.11) and (2.12) it can be noted that fixing M1,2 does not fix MH0,h0

and MA0 . Therefore, it is possible to take M1,2 and W1k as free parameters without being

in conflict with LEP bounds for the CP-even and CP-odd Higgs masses [18 – 20].

In figure 1 we show the cross section at an 1 TeV e+e− collider with unpolarized

beams. There we have taken 80Gev ≤ Mk ≤ 500GeV. The spread in the plot is due to

the dependence of the cross sections on ϕ. It is important to notice that for small (large)

values of ϕ the cross section for h+
1 increases (decreases) while the cross section for h+

2

decreases (increases). Figure 1 illustrates the situation for the case ϕ = 0. In that case

h+
1 coincides with the SU(2) doublet H+ (solid line) and h+

2 with the SU(2) singlet h+

(dashed line). The dotted-dashed line corresponds to cos ϕ ' 0.6.

In figure 1 it can be seen that up to a mass of ∼ 350 GeV the charged scalars have a

cross section larger than 10 fb. Assuming an integrated luminosity of 1 ab−1 this implies

that at least 104 charged scalar pairs will be produced.

3.2 Decay Widths

The Lagrangian in eq. (2.2) is written in the generic basis. From The SO(2) transformations

in eq. (2.4) we have
v√
2
Π′

1 =
v1√
2
Π1 +

v2√
2
Π2. (3.6)

Clearly Π′
1 can be chosen real and diagonal and we can define the charged lepton mass

eigenstates as

M̂` =
1√
2

∑

a

vaΠa. (3.7)

Similarly

Π′
2 = −Π1 sin β + Π2 cos β. (3.8)

– 6 –
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Using eq. (3.7) we have

O ≡ Π′
2 = −

√
2
tan β

v
M̂` +

1

cos β
Π2. (3.9)

The couplings Π′
1 and O are SO(2) invariants [16, 17]. In fact, the charged Higgs-fermion

interaction Lagrangian (eq. (2.2)) written in terms of the fermions and Higgs physical

masses can be written as

− LY ⊃ ν̄Li′Oi′jeRj(cos ϕh+
1 − sin ϕh+

2 )

+(νLi)
T C(2fij)eLj(sin ϕh+

1 + cos ϕh+
2 ) + H.c. (3.10)

Notice also that in the Higgs basis M̂` = (v/
√

2)Π1 (Π′
1 = Π1) and O = Π2.

By construction Π′
1 is a real diagonal matrix, and the resulting charged lepton mass

matrix is then diagonal. It does not appear in the fermion-charged Higgs interaction

Lagrangian. Similarly O ≡ Π′
2 is non-diagonal in the charged lepton mass eigenstate basis

and generate neutral Higgs-mediated FCNC at tree level. Thus, for a phenomenologically

acceptable theory the off-diagonal elements of O must be small. Typically, these couplings

are in conflict with experimental bounds on FCNC processes. However, even in the case of

the most general Higss-fermion couplings there are parameter regions where FCNC effects

are under control. Usually this corresponds to a matrix O that follows the same hierarchy

of the charged lepton mass matrix [21]. In our case this corresponds to the situation where

O33 is large. However, with some fine-tuning in eq. (3.9), it is also possible to have regions

with O33 smaller than the others Oij and compatible with FCNC experimental constraints.

In the absence of neutrino physics this regions should seem unjustified.

The fine-tuning required in eq. (3.9), when O33 is small, can be parameterized through

new tan β-like parameters which are basis independent [16, 17]. In the case of the charged

Higgs-fermion interactions tan β never appears. However, one can define various tan β-like

parameters that can be identified with ratios of physical couplings. For the leptonic sector

we have [16, 17]

tan βE = − O33

(Π′
1)33

, (3.11)

which measures the hierarchy deviation of O with respect to the charged lepton mass

matrix. In terms of the generic basis parameters we have

tan βE = − 1√
2

v

mτ
O33 (3.12)

= tan β − 1√
2 cos β

v

mτ
Π2 (3.13)

Note that even for usual values of tan β, we can have | tan βE | ¿ 1. In the same way

it is possible to define tan βD, tan βU . In some special cases as in the 2HDM of type-II,

these parameters are reduced to the usual tan β. Moreover, in the most general case, these,

tan β-like, parameters are not necessarily equal, i.e., tan βE 6= tan βD 6= tan βU .

Charged scalars h+
1,2 will decay through the couplings Oij and fij. Possible leptonic

final states are νi`
+
j . Possible final states involving quarks are d̄iuj. These decays are

– 7 –
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Process Constraint

µ− → e+e−e− |O12O11| < 3.6 × 10−7
(

M0

h

100GeV

)2

τ− → e+e−e− |O13O11| < 1.3 × 10−3
(

M0

h

100GeV

)2

τ− → µ+µ−µ− |O13O12| < 0.9 × 10−3
(

M0

h

100GeV

)2

τ− → µ−µ−e+ |O23O21| < 0.9 × 10−3
(

M0

h

100GeV

)2

τ− → e−µ−e+ |O13O21 + O23O11| < 1.0 × 10−3
(

M0

h

100GeV

)2

τ− → e−µ−µ+ |O13O22 + O23O12| < 1.0 × 10−3
(

M0

h

100GeV

)2

µ− → e−γ |O12O11 + O22O21 + O32O31| < 4.1 × 10−5
(

M0

h

100GeV

)2

τ− → e−γ |O13O11 + O23O21 + O33O31| < 4.7 × 10−2
(

M0

h

100GeV

)2

τ− → µ−γ |O13O12 + O23O22 + O33O32| < 3.3 × 10−2
(

M0

h

100GeV

)2

Table 1: Constraints on the parameters Oij from tree level and radiative FCNC processes induced

by the neutral Higgs h0.

determined by the couplings Oq
ij where, in general

Oq = −
√

2
tan β

v
M̂q +

1

cos β
Πq

2. (3.14)

Here q refers to up-type and down-type quarks, M̂q are the diagonal quark mass matrices,

and Πq
2 are 3 × 3 Yukawa coupling matrices of the second Higgs doublet. Notice that in

the Higgs basis M̂` = (v/
√

2)Π1 and O = Π2.

We are interested in the widths and branching ratios for leptonic final states. The

Lagrangian (3.10) determines the two body decays h+
1,2 → (

∑
i νi)`

+
j . The decay rate reads

Γ(h+
k → (

∑

i

νi)`
+
j ) =

Mk

16π

∑

i

[O2
ijW

2
1k + (2fij)

2W 2
2k] . (3.15)

The couplings h+
k W−Z and h+

k W−γ do not exist in the Zee model. This can be understood

as follows: since h+
k is a mixture of H+ and h+ these couplings are determined by the SU(2)

doublet component. However, in the 2HDM of type-III these vertices do not exist [22].

Therefore the decays h+
k → W+γ, W+Z0 in the Zee model are not present at tree level.

For this reason we do not consider them.

4. Constraints from FCNC processes

In the GZM FCNC interactions are induced by the charged and neutral Higgses. Bounds on

the OjiOkm couplings can be obtained from the non-observation of tree-level processes `−i →
`+
j `−k `−m. Constraints on OkiOkj come from radiative processes `−i → `−j γ induced by neutral

Higgses. Limits on fikfkj and on Okifkj couplings come from radiative processes mediated

– 8 –
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Process Constraint

µ− → e−γ |f23f13| < 4.1 × 10−5
(

M1

100GeV

)2

τ− → e−γ |f23f12| < 4.7 × 10−2
(

M1

100GeV

)2

τ− → µ−γ |f13f12| < 3.3 × 10−2
(

M1

100GeV

)2

Table 2: Constraints on the parameters fij coming from radiative FCNC processes induced by the

charged Higgs h±

1
.

by charged scalars3. An important remark is that once the constraints on the fikfkj and

OkiOkj couplings are satisfied the limits on Okifkj are no longer important, for this reason

we do not list them. Table 1 shows the constraints coming from the processes mediated

by neutral scalars. Table 2 summarize the limits on the fij parameters. Experimental

constraints used in both tables were taken from [23]

5. Neutrino physics

5.1 Neutrino mass matrix in the GZM

In this section we will discuss the neutrino mass matrix. The Majorana neutrino mass

matrix in the Zee model arises at the one loop level through the exchange of the scalars

h±
1 and h±

2 as shown in figure 2. Assuming M1,M2 À me,mµ,mτ we have

(Mν)ii′ = κ[fij(M̂`)jjOi′j + Oij(M̂`)jjfi′j] (5.1)

where

κ =
sin 2ϕ

(4π)2
ln

(
M2

2

M2
1

)
. (5.2)

5.2 Neutrino Mass Matrix in the NMZM

In this section we discuss the neutrino mass matrix in the context of the NMZM. In our

scheme the neutrino mass matrix is assumed to be

Mν = κ




Mee Meµ Meτ

Meµ 0 Mµτ

Meτ Mµτ 0


 . (5.3)

The neutrino mass matrix, can be diagonalized by a matrix U , which can be parame-

trized as

U =




1 0 0

0 c23 s23

0 −s23 c23


 ×




c13 0 s13

0 1 0

−s13 0 c13


 ×




c12 s12 0

−s12 c12 0

0 0 1


 , (5.4)

where sij = sin θij and cij = cos θij. Phases are zero since only real parameters are

considered.

3These processes also give bounds on OikOkj . However they are weaker than those coming from radiative

processes mediated by neutral Higgses.

– 9 –
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×

⊗

h
−
ih

+

i

νc
Li

νLi′eLj eRj

Figure 2: Loop diagrams for Majorana neutrino mass. Here i = 1, 2

From

UT MνU = M̂ν , (5.5)

and taking the limit sin2 θ13 = 0, since experimental neutrino data require sin2 θ13 to be

small [14], we can find approximate analytical expressions for the atmospheric and solar

mixing angle as well as for ∆m2
23:

tan2 θ23 '
(

Meτ

Meµ

)2

,

tan 2θ12 '
√

2
Meµ − Meτ

Mee + Mµτ
, (5.6)

√
∆m2

23 ' κ√
2
(Meµ − Meτ ).

Due to our two-zero-texture mass matrix (eq. (5.3)) we have an inverted hierarchy neutrino

mass spectrum [24] and therefore Mee ' Mµτ . Thus the neutrino mass matrix, eq. (5.3), has

only three independent entries which, from eqs. (5.6), can be written in terms of tan2 θ23,

tan 2θ12 and ∆m2
23, namely

Mee ' Mµτ '
√

∆m2
23

κ tan 2θ12
,

Meµ '
√

2∆m2
23

κ(1 + tan θ23)
, (5.7)

Meτ ' −tan θ23

√
2∆m2

23

κ(1 + tan θ23)
.

FCNC experimental constraints are usually satisfied by assuming that O follows the same

hierarchy of the charged leptons mass matrix. Under this assumption the Oi1 elements can

be neglected. For the more general structure of O, in order to neglect the Oi1 parameters, it

is sufficient to assume that that they are not too much larger than the others Oij . Therefore

in any case terms proportional to me, in the neutrino mass matrix, (see eq. (5.1)) can be

neglected. Thus we obtain eq. (5.3) with O23 = O32 = 0. Under this constraint the mass

matrix depends on κ and on the seven parameters

f12, f13, f23, O12, O13, O22, O33, (5.8)

as can be seen from eqs. (5.1) and (5.3). By using equations in (5.7) we can write four of

these parameters in terms of the other three. Equations (A.1), (A.2), (A.3) and (A.4), in
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the appendix, give the expressions for f12, f13, f23, O13, in terms of O12, O22, and O33.

Note that both f23 and O33 must be different from zero.

Next we will consider the cases for which eqs. (A.1), (A.2), (A.3) and (A.4) can be

expressed in terms of a single parameter. We will call these cases the one-parameter solu-

tions. Since O33 cannot be zero (see eq. (A.2)) we will parametrize all our one-parameter

solutions in terms of this coupling. This leaves us with only four possibilities: O12 = 0,

O13 = 0, f12 = 0, f13 = 0 and the remaining parameters in eq. (5.8) different from zero in

each case. We will show below that the first two lead to solutions with large O33, while

the last two lead to solutions with small O33.

5.3 The one-parameter region

The main point here is that in these two cases (small and large O33) not only neutrino

physics but the decay patterns of h±
1 are governed by a single parameter. This allows

an analytical approach to the problem of identifying a particular collider signature that

allows to distinguish between different regions in parameter space. In the following we

will discuss the four possibilities mentioned previously and we will estimate the values

of the parameters, consistent with neutrino physics as well as with FCNC constraints, in

each case. This discussion will be useful in our analysis of the decays of h+
1 presented in

section 6.2.

5.3.1 The large O33 case

Choosing O12 = 0 and O22 = (mµ/mτ )O33, as in references [12, 13], eqs. (A.1), (A.2), (A.3)

and (A.4) are reduced to the one-parameter solution

f12 ≈
[
1 +

(
2 + 4 tan2 2θ12

)
tan θ23 + tan2 θ23

]

2
√

2κ tan2 2θ12 tan θ23 (1 + tan θ23)

√
∆m2

23 mτ

m2
µ

1

O33
∼ 6.3 × 10−9

κO33
,

f13 ≈−
√

2 tan θ23

κ (1 + tan θ23)

√
∆m2

23

mτ

1

O33
∼ −1.9 × 10−11

κO33
, (5.9)

f23 ≈ 1

κ tan 2θ12

√
∆m2

23

mτ

1

O33
∼ 1.2 × 10−11

κO33
,

O13 ≈− 1 + tan θ23

2
√

2 tan 2θ12 tan θ23

O33 ∼ −0.3O33.

The last values in each equation are obtained using the best fit point value for each neutrino

observable.

An upper bound for κ can be estimated using the fact that

κ =
sin 2ϕ

(4π)2
ln

(
M2

2

M2
1

)
=

√
2vµ

(4π)2
1

M2
2 − M2

1

ln

(
M2

2

M2
1

)
'

√
2

(4π)2
vµ

M2
2

. (5.10)

Therefore for M2 < 1000GeV and |µ| < 500GeV [25], we have that |κ| . 10−2. For

example for M1 = 200GeV, M2 = 300GeV, and µ = 100GeV, we have

sin 2ϕ = 0.7 and κ = 3.6 × 10−3. (5.11)
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On the other hand, from the expression for f12 in eq. (5.9) and imposing f12 . 10−2 a lower

bound on κ can be found. Choosing O33 . 10−2, we have that |κ| & 10−5. For example,

for µ = 2GeV and with M1 and M2 as in the previous case, we have

sin 2ϕ = 0.014 and κ = 7.2 × 10−5. (5.12)

Using the value of κ given in eq. (5.11) we have

f12 ∼ 1.8 × 10−6

O33
, f13 ∼ −5.2 × 10−9

O33
, f23 ∼ 3.2 × 10−9

O33
. (5.13)

Now instead of O12 = 0 we choose O13 = 0. Again, as in the previous case, we take

O22 = (mµ/mτ )O33 and the best fit point values for each neutrino observable. With κ

given by (5.11), eqs. (A.1), (A.2), (A.3) and (A.4) become

f12 ∼ 1.5 × 10−6

O33
, f13 ∼ −5.2 × 10−9

O33
, f23 ∼ 3.2 × 10−9

O33
, O12 ∼ 0.02O33, (5.14)

which is basically the same result obtained in the case with O12 = 0 (eqs. (5.13)).

From eqs. (5.13) and (5.14) it can be seen that all the parameters can be below 10−3,

with a hierarchy of order 103 between f12 and the others fij. In this way the constraints

on the couplings coming from FCNC interactions (tables 1 and 2) are always satisfied.

Note that f12 . 10−2 requires O33 & 10−4. Therefore the range of variation of O33 is

restricted to 10−4 . O33 . 10−2. For κ small, as in eq. (5.12), O33 ∼ 10−2. Note that in

this region the values of tan βE are compatible with the usual tan β values of the 2HDM of

type-II. In particular this region is compatible with the three tan β-like parameters being

equal.

5.3.2 The small O33 case

If we choose f13 = 0 and, in order to define the one-parameter solution in this case4 O22 = 0,

eqs. (A.1), (A.2), (A.3) and (A.4) become

f12 ≈ (1 + tan θ23)

2
√

2 κ tan 2θ2
12 tan θ23

√
∆m2

23

mτ

1

O33
∼ 3.6 × 10−12

κO33
,

f23 ≈ 1

κ tan 2θ12

√
∆m2

23

mτ

1

O33
∼ 1.2 × 10−11

κO33
, (5.15)

O12 ≈
√

2 tan 2θ12 tan θ23

(1 + tan θ23)

mτ

mµ
O33 ∼ 27O33,

O13 ≈
√

2 tan 2θ12

1 + tan θ23
O33 ∼ 1.6O33.

The last values in each equation are obtained using the best fit point values for each

neutrino observable. Note that O12 . 10−2 requires O33 . 4 × 10−4.

4This choice allow us to define the one-parameter solutions. However, we stress that our results does

not depend on this choice. Our main conclusions hold for any O22 < O33.
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Case O33 κ µ (GeV)

Large O33 10−4 – 10−2 10−5 – 10−2 2 – 500

Small O33 10−7 – 4 × 10−3 3 × 10−6 – 10−2 0.2 – 500

Table 3: Range of O33, κ and µ for the one-parameter solutions in the NMZM

On the other hand, from the expression for f23 in eq. (5.15), if O33 . 4 × 10−4 and

we impose the bound f23 . 10−2 we have that κ & 3 × 10−6. For example, if we choose

µ = 0.2GeV, M1 = 200 GeV and M2 = 300 GeV , we have

sin 2ϕ = 1.4 × 10−3 and κ = 7.2 × 10−6 (5.16)

For the value of κ given in eq. (5.11), that satisfies the bound κ & 3 × 10−6, with

M1 = 200 GeV and M2 = 300GeV we have

f12 ∼ 1 × 10−9

O33
, f23 ∼ 3.2 × 10−9

O33
. (5.17)

Now instead of f13 = 0 we choose f12 = 0. Using the best fit point values for each neutrino

observable, O22 = 0 and κ given by eq. (5.11), eqs. (A.1), (A.2), (A.3) and (A.4) become

f13 ∼ 9.8 × 10−10

O33
, f23 ∼ 3.2 × 10−9

O33
, O12 ∼ 32O33, O13 ∼ 1.6O33. (5.18)

In both cases (f12 = 0 or f13 = 0) we can have all the five parameters of order of 10−4

without any hierarchy among them. In fact, the case f12 = 0, considered here, is a partic-

ular case of the one studied in reference [11] in which all the parameters Oij and fij are of

the same order of magnitude. From tables 1 and 2 it can be seen that FCNC constraints

are always satisfied.

A lower bound on O33 can be obtained using the bound f23 . 10−2. Together with

the upper bound estimated previously we have 10−7 . O33 . 4 × 10−3. Notice that for

smaller values of κ, as the one in eq. (5.16), the range of variation is more restricted, 10−5 .

O33 . 4 × 10−3. Note that in this region | tan βE | is small. Therefore, in this region large

differences among the three tan β-like parameters are expected. These three parameters

are indeed SO(2)-invariant quantities, and thus corresponds to physical observables that

can be measured [17]. If these parameters are found to be close in value, the small O33

region should be excluded.

It is worth noticing that there are no more possibilities in the one-parameter solution

case. The large O33 case, obtained when either O12 or O13 are neglected implies a hierarchy

among the non zero fij and, depending on the case, on O12 or O13. In the small O33 case,

obtained when either f12 or f13 are neglected, it is possible to have all the parameters at

the level of 10−4. Table 3 shows the allowed range of variation for O33, κ and µ in each

case.
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6. Neutrino and collider physics

6.1 Determination of the neutrino mass matrix parameters

In this section we discuss how the charged scalar decays can give some hints about the

parameters that determine neutrino masses and mixing angles. Charged Higgs decays

are governed by the same parameters that control neutrino physics so, in principle, the

information coming from these decays can be used to reconstruct the neutrino mass matrix.

Outside of the one-parameter regions analysed in section 5 the number of parameters is

large and since neutrino flavour cannot be determined the mass matrix cannot be, in

general, reconstructed. Despite this, in the limiting case of small mixing (ϕ ¿ 1), the fact

that the the mainly doublet state decays are dictated by the Oij and the mainly singlet

state decays are controlled by the fij leads to a situation in which the reconstruction of

part of the parameter space of the model is possible.

The charged scalar singlet h+ does not couples to quarks. Thus experimentally the

mainly singlet state can be differentiated from the mainly doublet state by the fact that the

branching ratio to final states with quarks (ūidj) must be smaller for the former than for

the latter. Our main assumption here is that all the decays that we are going to consider

have a branching ratio in the order of at least per-mille.

In the following discussion we will use the notation h+
d,s for charged Higgses. Here d and

s denote the mainly doublet and mainly singlet states respectively. Note that d = 1 , s = 2

or d = 2 , s = 1 are possible. Ratios of branching ratios for h+
d,s can be used to obtain

information about the Oij and fij couplings. In the case of h+
d we have

Br(h+
d → (

∑
i νi)`

+
j )

Br(h+
d → (

∑
k νk)`

+
s )

'
∑

i O
2
ij∑

k O2
ks

(6.1)

and for h+
s

Br(h+
s → (

∑
i νi)`

+
j )

Br(h+
s → (

∑
k νk)`

+
s )

'
∑

i f
2
ij∑

k f2
ks

. (6.2)

Corrections to both ratios are ∝ ϕ2 ≪ 1. The interesting point here is that despite

the large number of parameters the relative size of the fij couplings can be obtained by

suitable combinations of ratios of branching ratios, for example

Brµ
s − Brτ

s + Bre
s

Brµ
s − Bre

s + Brτ
s

' f2
12

f2
23

(6.3)

with Br
`j
s denoting Br(h+

s → (
∑

i νi)`
+
j ). For the Oij the situation is more complicated

but even in this case some information can be obtained from the ratios of branching ratios.

For example, the relation

Br(h+
d → (

∑
i νi)µ

+)

Br(h+
d → (

∑
k νk)e+)

' O2
12 + O2

22

O2
11 + O2

21 + O2
31

(6.4)

allows to determine the relative importance of the couplings involved in these decays.
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Figure 3: Ratio of branching ratios Brµτe
s /Brµeτ

s = (Brµ
s − Brτ

s + Bre
s)/(Brµ

s − Bre
s + Brτ

s )

versus f2
12/f2

23 (left) and Brµ
d /Bre

d = Br(h+

d → (
∑

i νi)µ
+)/Br(h+

d → (
∑

k νk)e+) versus O2
µ/O2

e =

(O2
12 + O2

22)/(O2
11 + O2

21 + O2
31) (right). See text.
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Figure 4: Ratio of branching ratios indicated by the variables y1 (left) and y2 (right) versus the

atmospheric and solar mixing angles indicated by the variables x1 (left) and x2 (right). See text

Figure 3 shows the ratios of branching ratios described above. Any deviation from the

small mixing assumption would lead to a large dispersion.

There are two limit cases of particular interest where the decays of h+
d,s are correlated

with the neutrino mixing angles, O12 ¿ O13 ¿ O22 < O33 or O13 ¿ O12 ¿ O22 < O33.

Figure 4 shows both cases. In the left plot the variables y1 and x1 are given by

y1 =

√
Brµ

s − Bre
s + Brτ

s

Bre
s − Brµ

s + Brτ
s

(
1 − mµ

mτ

√
Br(h+

d → (
∑

i νi)µ+)

Br(h+
d → (

∑
k νk)τ+)

)

x1 =
1√

2 tan 2θ12

(
1 +

1

tan θ23

)
. (6.5)

In the right one the variables y2 and x2 are defined as

y2 =

√
Brµ

s − Bre
s + Brτ

s

Brµ
s − Brτ

s + Bre
s

(
mτ

mµ

√
Br(h+

d → (
∑

i νi)τ+)

Br(h+
d → (

∑
k νk)µ+)

− 1

)

x2 =
1√

2 tan 2θ12

(1 + tan θ23) (6.6)
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Figure 5: Decay rate Γ(h+

2 → h+

1 h0) versus µ2 for fixed values M2 = 400 Gev, M1 = 150 Gev and

Mh0 = 130 GeV.

Another important decay, if kinematically allowed, that could be used to obtain information

about µ is h+
2 → h+

1 h0. The decay rate for this process reads

Γ(h+
2 → h+

1 h0) =
1

16π

Λ2

M2

√
1 − 4

M2
1

M2
2

. (6.7)

Here

Λ =
µ√
2

sin α cos 2ϕ + v
sin 2ϕ

2
(Λ22 − Λ33) (6.8)

and

Λ22 = λ7 cos α − λ3 sin α,

Λ33 = λ10 cos α − λ8 sinα (6.9)

where α is the mixing angle that define the two CP-even Higgs mass eigenstates, h0 and

H0.

Figure 5 shows the decay rate Γ(h+
2 → h+

1 h0) versus µ2. There we have fixed M2 =

400Gev, M1 = 150Gev, Mh0 = 130GeV and α = π/6. µ is in the range 0.1GeV−8Gev in

order to ensure ϕ ¿ 1. The dispersion is due to the presence of the other couplings, present

in the scalar potential (eq. (2.5)). Apart from allowing the approximate determination of

µ, measurements of Γ(h+
2 → h+

1 h0) in the range indicated by figure 5 will indicate that the

small mixing limit is realized.

As has been shown, in order to reconstruct the parameter space of the model, pro-

duction of charged scalars and detection of di-lepton final states are necessary. At e+e−

collider the main background for the signal h±
s,d → `±j ν, comes from the W -boson decays

W± → `±j ν. However, as pointed out in reference [26], thanks to the different structure of

the h±
s,d and W± electroweak interactions with charged leptons, the `±j polarization is very

different and will allow a separation of h±
s,d → `jν and W± → `jν on an statistical basis.

In this way the branching ratios Br(h±
s,d → (

∑
i νi)`

±
j ) should, in principle, be measured.
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Figure 6: Br(h+

1 → (
∑

i νi)µ
+)/Br(h+

1 → (
∑

i νi)τ
+) as a function of O33 for 3×10−6 < κ < 10−2

obtained with 0.2 < µ < 500 GeV, M1 = 200 GeV and M2 = 500 GeV. All the parameters fij and

Oij satisfy the bounds shown in tables 1 and 2. For all the dark gray (green) points O12 < 10−6.

See text.

6.2 Hierarchy of charged Higgs leptonic decays

In this section we will show that in the NMZM, the decay process h+
1 → (

∑
i νi)µ

+ is

enhanced in comparision to the 2HDM of type-I and type-II. Moreover, it is shown that in

large parts of the parameter space, h+
1 → (

∑
i νi)µ

+ can be the dominant leptonic decay.

In the one-parameter solutions, described in section 5, the parameters O12, O13, f12,

f13 and f23 are governed by the parameter O33. In this way the Br(h+
1 → (

∑
i νi)`

+
j ) are

functions of O33. In order to find expressions with no dependence on κ or O33 and correlated

with neutrino physics observables (tan 2θ12, tan θ23) we consider ratios of branching ratios

in the limits Oij À fij and Oij ¿ fij, namely

Br(h+
1 → (

∑
i νi)µ

+)

Br(h+
1 → (

∑
i νi)τ+)

=

∑
i[(Oi2 cos ϕ)2 + (2fi2 sin ϕ)2]∑
i[(Oi3 cos ϕ)2 + (2fi3 sin ϕ)2]

(6.10)

≈





∑
i O2

i2∑
i O2

i3

for Oij À fij

∑
i f2

i2∑
i f2

i3

for Oij ¿ fij

(6.11)

Clearly from eqs. (5.9) or (5.15), eq. (6.11) depend only on the neutrino mixing angles and

charged lepton masses. We will call the regions of parameter space with either Oij or fij

dominance correlation regions. Ratio of branching ratios in these regions are κ independent

(or µ independent). In general, outside the correlation regions, the independence on µ

approximately holds, but there is a dependence on M2.

Figure 6 shows the ratio Br(h+
1 → (

∑
i νi)µ

+)/Br(h+
1 → (

∑
i νi)τ

+) as function of

O33. For all curves, we have used the best fit point values for ∆m2
23, and the solar and
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atmospheric mixing angles. We have taken also 3 × 10−6 < κ < 10−2 obtained when

0.2 < µ < 500GeV, M1 = 200GeV and M2 = 500GeV. The correlation regions correspond

to the flat parts of the curves. The large O33 case determined by eq. (5.9) with O12 = 0

corresponds to the solid line in the right part of the plot, while the large O33 case with

O13 = 0 correspond to the dashed line. In the same way, the small O33 case described by

eq. (5.15) with f13 = 0 corresponds to the dotted line in the left part of the plot, while

the small O33 case with f12 = 0 correspond to the dotted–dashed line. The scatter plot

was obtained by searching for all solutions compatible with neutrino data at 3σ level, and

keeping O22 = (mµ/mτ )O33.

In the large O33 case described by eq. (5.9), the correlation region for fij À Oij is

excluded because the parameters fij are above the values consistent with FCNC constraints

(see tables 1 and 2). For the other correlation region, for which Oij À fij, we have

Br(h+
1 → (

∑
i νi)µ

+)

Br(h+
1 → (

∑
i νi)τ+)

∼
(

mµ

mτ

)2

for Oij À fij. (6.12)

As shown by the solid line at the right of figure 6, the contribution of fij can increase the

ratio of branchings ratios up to a factor of 107. In this way the decay h+
1 → (

∑
i νi)µ

+ may

become observable in future colliders. The dark gray (green) points were selected from

the full scatter plot by choosing O12 < 10−6. They are well fitted by the solid line which

represents the one-parameter solution with O12 = 0 as given in eq. (5.9).

In the small O33 case with f13 = 0, we have

Br(h+
1 → (

∑
i νi)µ

+)

Br(h+
1 → (

∑
i νi)τ+)

≈





2 tan2 2θ12 tan2 θ23

2 tan2 2θ12 + (1 + tan θ23)
2

m2
τ

m2
µ

for Oij À fij

1 + 2 tan θ23 +
(
1 + 8 tan2 2θ12

)
tan2 θ23

8 tan2 2θ12 tan2 θ23
for Oij ¿ fij

∼





tan2 θ23

(
mτ

mµ

)2

for Oij À fij

1 for Oij ¿ fij.

(6.13)

As shown in the left part of figure 6, in this case the ratio of branching ratios is larger

than one, and therefore an inverted hierarchy for the leptonic decays of the lightest charged

Higgs is obtained. In this way, in the small O33 case, the most important leptonic decay

channel for the charged Higgs h+
1 must be h+

1 → (
∑

i νi)µ
+ instead of h+

1 → (
∑

i νi)τ
+.

Figure 7 shows the correlation region for Oij À fij in the small O33 case. The

curves correspond to the ratio Br(h+
1 → (

∑
i νi)µ

+)/Br(h+
1 → (

∑
i νi)τ

+), normalized by

(mµ/mτ )2, as a function of the atmospheric mixing angle, as expected from eq. (6.13)

for the best fit point value of tan 2θ12 (solid line) and its 3σ limits (dashed lines). The

parameters are fixed as in figure 6 and the spread of the points can be understood from

the uncertainty in the solar mixing angle. In this region the charged Higss decay rate

Γ(h+ → (
∑

i νi)µ
+) can be larger than decay rate Γ(h+ → (

∑
i νi)τ

+) up to a factor of

(mτ/mµ)2 = 280.
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Figure 7: Br(h+

1 → (
∑

i νi)µ
+)/Br(h+

1 → (
∑

i νi)τ
+)(mµ/mτ )2 as a function of tan θ23 in the

correlation region Oij À fij of the small O33 case. The solid curve corresponds to the best fit point

value of tan 2θ12, while the upper and lower curves corresponds to its 3σ limits. See text.

From figure 6 it can be seen that the large O33 region is divided in three sub-regions,

region I where 10−3 . Br(h+
1 → (

∑
i νi)µ

+)/Br(h+
1 → (

∑
i νi)τ

+) . 1, region II for

which 1 . Br(h+
1 → (

∑
i νi)µ

+)/Br(h+
1 → (

∑
i νi)τ

+) . 102 and region III characterised

by 102 . Br(h+
1 → (

∑
i νi)µ

+)/Br(h+
1 → (

∑
i νi)τ

+) . 104. Measurements of the ratio

Br(h+
1 → (

∑
i νi)µ

+)/Br(h+
1 → (

∑
i νi)τ

+) are sufficient to decide whether region I or III

are realized. In region III there is an ambiguity that cannot be removed by measurements

of the ratio Br(h+
1 → (

∑
i νi)µ

+)/Br(h+
1 → (

∑
i νi)τ

+). However, in the small mixing

limit the ambiguity can be removed. Recalling that in the small O33 region f12 = 0 or

f13 = 0 one should expect, if this region is realized,

Brµ
s = Bre

s + Brτ
s or Brτ

s = Bre
s + Brµ

s . (6.14)

Any deviation from these relations would exclude this region and in addition with a mea-

surement of the type 1 . Br(h+
d → (

∑
i νi)µ

+)/Br(h+
d → (

∑
i νi)τ

+) . 102 will indicate

that region II is realized.

The curves in figure 6 are basically independent of the value of µ. However, along each

curve, smaller values of O33 are excluded as µ decreases. On the other hand they depend

on the specific value of M1 and M2. In fact, as the mixing angle sin 2ϕ increases the curves

are shifted to the right. This is illustrated in figure 8 for the small O33 case with f12 = 0.

All the remaining parameters are chosen as in figure 6. In particular the dotted line is the

same as the one in figure 6.

In summary for the one parameter-solutions we have

(
mµ

mτ

)2

.
Br(h+

1 → (
∑

i νi)µ
+)

Br(h+
1 → (

∑
i νi)τ+)

. 104 (6.15)

We have checked that this result holds for all the parameter space of the NMZM. For the

large O33 region the decay rate Γ(h+
1 → (

∑
i νi)µ

+) can be dominant if the fij Yukawa
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Figure 8: Br(h+

1 → (
∑

i νi)µ
+)/Br(h+

1 → (
∑

i νi)τ
+) as a function of O33 and several pairs of M1

and M2 with µ = 100 GeV. From left to right the curves have sin 2ϕ = 0.04, 0.15, 0.17 and 0.99.

The dotted line is the same that the curve in the left part of figure 6. See text.

couplings are sufficiently large. This mean that the usual hierarchy of the charged Higgs

decays turns out to be different due to the new physics beyond the 2HDM, namely the new

couplings involving the charged SU(2)L singlet, h±. On the other hand, for the small O33

region the decay rate Γ(h+
1 → (

∑
i νi)µ

+) is dominant because of the rich structure of the

general 2HDM, where, with some fine-tuning justified by neutrino physics, the couplings

Oij do not follow the hierarchy of the charged lepton mass matrix.

7. Conclusions

We have considered the version of the Zee model where both Higgs doublets couple to lep-

tons. Instead of working with all the parameters we have focused on a model with minimal

number of couplings consistent with neutrino physics data. We have shown that in the

small mixing limit (ϕ ¿ 1) certain ratios of branching ratios can be used to obtain infor-

mation about the parameters of the model. Besides the charged Higgs leptonic decays we

have also considered the decay h+
2 → h+

1 h0. We have found that this decay, if kinematically

allowed, can be used to determine the value of the µ parameter. Moreover, measurements

of Γ(h+
2 → h+

1 h0) allow to decide whether the small mixing limit is realized or not.

Assuming that there are no large hierarchies among the couplings Oi1 (i = 1, 2, 3) and

Oij , and using neutrino physics constraints we have shown that in this scheme only three

parameters are independent. We have found that there are four regions, in this three-

dimensional parameter space, determined by only O33. We have shown that two of these

four regions are governed by large values of O33 (10−4 − 10−2) while the other two regions

are governed by small values of O33 (10−7 − 10−4).

We have analysed charged Higgs leptonic decays in the large as well as in the small

O33 regimes and we have found: (i) in the large O33 case, there is a region in which

the decays h+
1 → νiµ

+ and h+
1 → νiτ

+ are governed by the correponding Yukawas as
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in the 2HDM of type-I and type-II and another region where the decay h+
1 → νiµ

+ is

enhanced and moreover can be larger than the decay to h+
1 → νiτ

+. (ii) In the small O33

case the decay h+
1 → νiµ

+ is always enhanced and is larger than the decay h+
1 → νiτ

+.

Therefore we suggest that in order to test the model the decays of the charged Higgs to νiµ
+

should be searched along with the decays to νiτ
+. In fact, measurements of the ratio of

branching ratios Br(h+
1 → (

∑
i νi)µ

+)/Br(h+
1 → (

∑
i νi)τ

+) could give information about

what region of this parameter space is realized.

At future colliders the decay channel ντ+ is very important for the discovery of charged

Higgs bosons [27, 28]. For the LHC and SUSY like 2HDM, it has been claimed that the

existence of a relatively heavy charged Higgs bosons, of mass up to 1 TeV, can be probed

using the signal h+
1 → ντ+ [27]. At future linear colliders a single produced charged Higgs

should be associated with the tau and the neutrino coming from the virtual charged Higgs

decay [28]. According to our results, and illustrated by figure 6, the charged Higgs could

emerge from a signal with νiµ
+ instead of νiτ

+. Moreover, for a light charged scalar

(M1 < mt) the ratio of branching ratios, Br(h+
1 → (

∑
i νi)µ

+)/Br(h+
1 → (

∑
i νi)τ

+)

should be measurable.
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A. The Three-parameter solution

From the set of eqs. (5.7) we choose to express f12, f13, f23 and O13 in terms of O33, O22,

and O12

f12 = − A

B

mτ

√
∆m2

23

mµmτ

1

O33
(A.1)

f13 =




mµ

mτ

(√
2 O22

O33
+ O12 (1+tan θ23)

O33 tan 2θ12 tan θ23

)
−

√
2

κ
(
1 − mµ O22

mτ O33

) (
1 + 1

tan θ23

)




√
∆m2

23

mτ

1

O33
(A.2)

f23 =
1

κ
(
1 − mµ O22

mτ O33

)
tan 2θ12

√
∆m2

23

mτ

1

O33
(A.3)

O13 =
2
√

2 O12 tan 2θ12 − O22 (1 + tan θ23)

2
[√

2O22 tan 2θ12 tan θ23 + O12 (1 + tan θ23)
]O33 (A.4)

5This document has been produced with the assistance of the European Union. The contents of this

document is the sole responsibility of the authors and can in no way be taken to reflect the views of the

European Union.
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where

A =
[
1 +

(
2 + 4 tan2 2θ12

)
tan θ23 + tan2 θ23

]

− 2
mµ

mτ
tan 2θ12

[
2

O22

O33
tan 2θ12 tan θ23 +

√
2

O12

O33
(1 + tan θ23)

]
(A.5)

B =2κ

(
mµ

mτ

O22

O33
− 1

)
tan 2θ12 (1 + tan θ23)

×
[√

2
O22

O33
tan 2θ12 tan θ23 +

O12

O33
(1 + tan θ23)

]
(A.6)
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